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Abstract. In this paper we study the r-stability of closed spacelike hypcrsur- 
faces with constant r-th mean curvature in conformally stationary spacetimes 
of constant sectional curvature. In this setting, we obtain a characterization of 
r— stability through the analysis of the first eigenvalue of an operator naturally 
attached to the r-th mean curvature. As an application, we treat the case in 
which the spacetime is the de Sitter space. 

1. Introduction 

The notion of stability concerning hypersurfaces of constant mean curvature of 
Riemannian ambient spaces was first studied by Barbosa and do Carmo in [4] , and 
Barbosa, do Carmo and Eschenburg in [5] , where they proved that spheres are the 
only stable critical points of the area functional for volume-preserving variations. 

In the Lorentz context, in 1993 Barbosa and Oliker [7] obtained an analogous 
result, proving that constant mean curvature spacelike hypersurfaces in Lorentz 
manifolds are also critical points of the area functional for variations that keep the 
volume constant. They also computed the second variation formula and showed, 
for the de Sitter space S" +1 , that spheres maximize the area functional for volume- 
preserving variations. 

More recently, Liu and Junlei [TS] have characterized the r-stable closed spacelike 
hypersurfaces with constant scalar curvature in the de Sitter space. 

The natural generalization of mean and scalar curvatures for an n— dimensional 
hypersurface is the r-th mean curvatures H r , for r — 1, ■ • • , n. In fact, H\ is just 
the mean curvature and Hi defines a geometric quantity which is related to the 
scalar curvature. 

In [TO], some of the authors have studied the problem of strong stability (that 
is, stability with respect to not necessarily volume-preserving variations) for space- 
like hypersurfaces with constant r-th mean curvature in a Generalized Robertson- 
Walker (GRW) spacetime, giving a characterization of r-maximal and spacelikc 
slices. 

Here, motivated by these works, we consider closed spacelike hypersurfaces with 
constant r-th mean curvature in a wide class of Lorentz manifolds, the so-called 
conformally stationary spacetimes, in order to obtain a relation between r-stability 
and the spectrum of a certain elliptic operator naturally attached to the r-th mean 
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curvature of the hypersurfaces. Our approach is based on the use of the Newton 
transformations P r and their associated second order differential operators L r (cf. 
Section [J). More precisely, we prove the following result. 

Theorem 1.1. Let M c be a conformally stationary Lorentz manifold with con- 

n+l 

stant curvature c. Suppose that M c has a closed conformal vector field V and 

n + l 

a Killing vector field W . Let x : M n — > M c be a closed spacelike hyper surface, 
with constant, positive (r + l)-th mean curvature H r+ i such that 

A = c(n - r) Q H r - nH x ^ ^ H r+1 - (r + 2) 2 ) H r+2 

is constant. Assume also that Div-^-V does not vanish on M n . Then x is r-stable 
if and only if A is the first eigenvalue of L r on M n . 

As an application of the previous result, we obtain the following corollary in the 
de Sitter space. 

Corollary 1.2. Let x : M n — » §™ +1 be a closed spacelike hyper surf ace, contained 
in the chronological future (or past) of an equator o/§" +1 , with positive constant 
(r + 1)— th mean curvature such that 

A = (n - r) (") H r nH ^ " ^ H r+1 - (r + 2) ^ g ) H r+2 

is constant. Then x is r-stable if and only if X is the first eigenvalue of L r on M n . 



2. Preliminaries 

n+l 

Let M denote a time-oriented Lorentz manifold with Lorentz metric g = 
( , ), volume element dM and semi-Riemannian connection V. In this context, we 

n+l 

consider spacelike hypersurfaces x : M n —¥ M , namely, isometric immersions 
from a connected, n— dimensional orientable Riemannian manifold M n into M. We 
let V denote the Levi-Civita connection of M" . 

n+l 

If M is time-orientable and x : M n — > M is a spacelike hypersurface, then 
M n is orientable (cf. [13]) and one can choose a globally defined unit normal vector 
field N on M n having the same time-orientation of M. Such an N is named future- 
pointing Gauss map of M n . In this setting, let A denote the shape operator of M 
with respect to N, so that at each p € M n , A restricts to a self-adjoint linear map 
A p : T P M -)• T P M. 

For 1 < r < n, let S r (p) denote the r-th elementary symmetric function on the 
eigenvalues of A p ; this way one gets n smooth functions S r : M n — > R, such that 

n 

det(t/ -A)= ^(-l) fe 5 fe f l - fc , 

fe=0 

where Sq = 1 by definition. If p 6 M n and {efc} is a basis of T p M formed by 
eigenvectors of A p , with corresponding eigenvalues {A/c}, one immediately sees that 

S r = <r r (Ai, . . . , A„), 

where a r S R[Xi,...,X„] is the r-th elementary symmetric polynomial on the 
indeterminates X\, . . . , X n . 
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For 1 < r < n, one defines the r-th mean curvature H r of x by 

f"Vr = (-l) r ^r = <r r (-Xl, -An)- 

Also, for < r < n, the r-th Newton transformation P r on M n is defined by setting 
Pq = I (the identity operator) and, for 1 < r < n, via the recurrence relation 

(2.1) P r = (-iyS r I + AP r _ 1 . 
A trivial induction shows that 

P r = (-l) r (S r I - S r -iA + S r ^ 2 A 2 -■■■ + {-l) r A r ), 

so that Cayley-Hamilton theorem gives P n = 0. Moreover, since P r is a polynomial 
in A for every r, it is also self-adjoint and commutes with A. Therefore, all bases 
of T p M diagonalizing A at p £ M" also diagonalize all of the P r at p. Let {e^} be 
such a basis. Denoting by A, the restriction of A to (e;) 1 - C T p £, it is easy to see 
that 

det(t/ - Ai) = ^(-lfSkiAi)^- 1 - 11 , 

k=0 

where 

S k (Ai)= ^ X n ---X jk . 

i<ii<-<i fc <" 

With the above notations, it is also immediate to check that P r ei = (—l) r S r (Ai)ei, 
and hence (cf. Lemma 2.1 of [5]) 

tr(P r ) = (-l) r (n - r)S r = b r H r ; 

(2.2) tr(AP r ) = (-l) r {r + l)S r+1 = -b r H r+1 ; 
tv{A 2 P T ) = (-l) p (5i5 P +i - (r + 2)S r+2 ), 

where b r = (n — r) (™) . 

Associated to each Newton transformation P r one has the second order linear 
differential operator L r : T>(M) —> T>(M), given by 

L r (/)=tr(P r Hess/). 

For instance, when r = 0, L r is simply the Laplacian operator. 

n+l 

According to [3] , if M is of constant sectional curvature, then P r is divergence- 
free and, consequently, 

L r (f) = div(P r V/). 
If x is as above, a variation of it is a smooth mapping 

X : M n x (-e, e) -> M™ +1 
satisfying the following conditions: 

^ i i 

(1) For * e (-e,e), the map X t : M" -» M given by X t {p) = X(t,p) is a 
spacelike immersion such that Xq = x. 

( 2 ) Xt \dM =X \dM> fol " a11 f G (- £ ' £ )- 
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t=0 



In all that follows, we let dMt denote the volume element of the metric induced 
on M by Xt and Nt the unit normal vector field along Xt- 

The variational field associated to the variation X is the vector field ^ 
Letting f = N t ), we get 

where T stands for tangential components. 

The balance of volume of the variation X is the function V : (— e, e) — y M. given 

by 

V(t) = f X*(d~M), 

JMx[0,t] 

and we say X is volume-preserving if V is constant. 

From now on, we will consider only closed spacelike hypersurface x : M n — > 

71+1 . 

M . The following lemma is enough known and can be found in (cf. |14j). 

n+l n+l 

Lemma 2.1. Let M be a time-oriented Lorentz manifold and x : M n — > M 

n+l 

a closed spacelike hypersurface. If X : M n x (— e, e) — > M is a variation of x, 
then 

dt J M 

In particular, X is volume-preserving if and only if J M fdM t = for all t. 

We remark that Lemma 2.2 of [5] remains valid in the Lorentz context, i.e., if 
fa : M — >• R is a smooth function such that J M fodM = 0, then there exists a 
volume-preserving variation of M whose variational field is foN. 

In order to extend [B] to the Lorentz setting, we let the r-area functional A r ■ 
(— e, e) — > M associated to the variation X be given by 



A r (t) = f F r (S 1 ,S 2 ,...,S r )dM t 
JM 



I M 

where S r = S r (t) and F r is recursively defined by setting Fq = 1, F\ = — Si and, 
for 2 < r < n — 1, 

F r = (—l) r S r ^-F r _ 2 - 

r — 1 

We notice that if r — 0, the functional _4o is the classical area functional. 

The next step is the Lorentz analogue of Proposition 4.1 of 6 . From Lemma 
2.2 in [TU] we obtain the following result. 

71+ 1 

Lemma 2.2. Let x : M n — > M c be a closed spacelike hypersurface of the time- 

n+l 

oriented Lorentz manifold M c with constant curvature c, and let X : M n X 

n+l 

(— e, e) — > M c be a variation of x. Then, 

(2.4) 2|±i = (-l)' +1 [L r f + ctr(P r )f-t r (A 2 P r )f]+((^j ,V5 r+1 ). 

The previous lemma allows us to compute the first variation of the r-area func- 
tional. 
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Proposition 2.3. Under the hypotheses of Lemma \2.2\. if X is a variation of x, 
then 

(2.5) A' r (t)= [ [(-l) r+1 (r + l)S r+1 + c r ]fdM t , 

Jm 

where c r = if r is even and c r = — "^"~(r-i^(r-3)"~2'' +1 ' ) (—c)( r+1 ^ 2 if r is odd. 
The proof of this result is a straightforward consequence of Proposition 2.3 in 

In order to characterize spacelike immersions of constant (r + 1)— th mean cur- 
vature, let A be a real constant and J r : (— e, e) — > R be the Jacobi functional 
associated to the variation X , i.e., 

J r (t) = A r (t) -AV(t). 

As an immediate consequence of (|2.5|) we get 

X{t) = [ [b r H r+1 + c r - X]fdM t , 

where b r = (r + l)( r " 1 ). Therefore, if we choose A = c r + b r H r+ i(0), where 

Vr+iiQ) = ~r^x [ H r+1 (0)dM 
A)(UJ J M 

is the mean of the (r + l)-th curvature H r+ i(0) of M, we arrive at 
X{t) =b r f [H r+1 -H r+1 (0)]fdM t . 

J M 

Hence, a standard argument (cf. [J]) shows that M is a critical point of J r for all 
variations of x if and only if M has constant (r + l)-th mean curvature. 

n+l 

We wish to study spacelike immersions x : M n — > M that maximize A r for 
all volume-preserving variations X of x. The above dicussion shows that M must 
have constant (r + l)-th mean curvature and, for such an M, one is naturally lead 
to compute the second variation of A r - This motivates the following 

Definition 2.4. Let M c be a time-oriented Lorentz manifold of constant cur- 
vature c, and x : M n — > M + be a closed spacelike hypersurface having constant 
(r + l)-th mean curvature. We say that x is r-stable if A"(0) < 0, for all volume- 
preserving variation of x. 

n-t-l 

Remark 2.5. Let x : M n — s> M c be a closed spacelike hypersurface with constant 
(r + l)-th mean curvature and denote by Q the set of differential functions / : 
M n — > R with f M fdMt = 0. Just as [15] we can establish the following criterion 
for stability: x is r-stable if and only if J' T ' '(0) < 0, for all f G Q. 

The sought formula for the second variation of J r is another straightforward 
consequence of Proposition 12.31 

n-\-l 

Proposition 2.6. Let x : M n — > M c be a closed spacelike hypersurface of 

n+l 

the time-oriented Lorentz manifold M c , having constant (r + \)-mean curva- 

n-t-l 

ture H r+ i. If X : M n x (— e, e) — > M c is a variation of x, then J"(0) is given 
by 

(2.6) J r "(0)(/) = (r+l) f [L r (f) + {ctv{P r )-tv{A 2 P r )}f}fdM. 
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1p = - Divjj V. 



3. A Characterization of t-Stable Spacelike Hypersurfaces 
As in the previous section, let M™ +1 be a Lorentz manifold. A vector field V on 

n+l 

M is said to be conformal if 

(3.1) C v {,)=2il>(,) 

for some function ip E C°°(M), where £ stands for the Lie derivative of the Lorentz 
metric of M. The function ip is called the conformal factor of V. 

Since Cy(X) = [V,X] for all X E X(M), it follows from the tensorial character 
of Cv that V E X(M) is conformal if and only if 

(3.2) (VxV,Y) + (X,V Y V) = 2iP(X,Y), 

for all 1,7 6 X(M). In particular, V is a Killing vector field relatively to g if and 
only if ip = 0. Observe that the function ip can be characterized as 

1 

n + l 

An interesting particular case of a conformal vector field V is that in which 
V xV — ipX for all X E X(M); in this case we say that V is closed, an allusion to 
the fact that its dual 1-form is closed. 

n+l 

Any Lorentz manifold M , possessing a globally defined, timelike conformal 
vector field is said to be a conformally stationary spacetime. 

In what follows we need a formula first derived in [3] . As stated below, it is the 
Lorentz version of the one stated and proved in [8] . 

n+l 

Lemma 3.1. Let M c be a conformally stationary Lorentz manifold having con- 
stant curvature c and conformal vector field V . Let also x : M n — > be a 

n+l 

spacelike hypersurface of M c and N be a future-pointing Gauss map on M n . If 
rj = (V,N), then 

(3.3) L r {n) = {ti{A 2 P r )-ctY{P r )}n-b r H r N{iP) 

+b r H r+1 i> + — ^—r{V, VH r+1 ), 
r + 1 

n+l 

where ip : M — > K is the conformal factor of V , Hj is the j-th mean curvature 
of M n and Vi/j stands for the gradient of Hj on M n . 

In particular, we obtain the following 

n+l 

Corollary 3.2. Let M c be a conformally stationary Lorentz manifold having 

n+l 

constant curvature c and Killing vector field W . Let also x : M n —> M c be 
a spacelike hypersurface having constant (r + l)-th mean curvature H r+ \, N be a 
future-pointing Gauss map on M n and rj = (W, N) , then 

L r (r)) + {ctr(P r ) - tr{A 2 P r )}n = 0. 

In particular, if x : M n — > M c + is a closed spacelike hypersurface with constant 
(r + l)-th mean curvature such that A = etr(P r ) — tr(A 2 P r ) is constant, then A is 
an eigenvalue of the operator L r in M n with eigenfunction rj. 

Remark 3.3. Assuming that the conformal vector field V is closed and such that 
Divjj V does not vanish on M n , then there exists an elliptic point in M n (cf. Corol- 
lary 5.5 of [2]). Moreover, if M n has an elliptic point and i? r +i > on M, for 
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2 < r < n — 1, then L r is elliptic (cf. Lemma 3.3 of [3]). In the case r = 1, the 
hypothesis i?2 > garantees the ellipticity of Li without the additional assumption 
on the existence of an elliptic point (cf. Lemma 3.2 of [3])- 

We can now state and prove our main result. 

n+1 

Theorem 3.4. Let M c be a conformally stationary Lorentz manifold with con- 

71+1 

stant curvature c. Suppose that M c has a closed conformal vector field V and 

71+ 1 

a Killing vector field W . Let x : M n — > M c be a closed spacelike hyper surface, 
with positive constant (r + l)-th mean curvature H r +\ such that 

A = c(n - r) Q H r -nH^^j H r+1 ~(r + 2)^ ^ H r+2 

is constant. Assume also that Divj^V does not vanish on M n . Then x is r-stable 
if and only if A is the first eigenvalue of L r on M n . 



Proof. From Remark 13.31 the operator L r is elliptic. On the other hand, by using 
the formulas (|2.2p . it is easy to show that A = ctr(P r ) — tx(A 2 P r ). Therefore, since 
that A is constant and W is a Killing field on M c , Corollary 13.21 guarantees that 
A is in the spectrum of L r . 

Let Ai be the first eigenvalue of L r on M n . If A = Ai, then the variational 
characterization of Ai gives 



A = 



J M fL r (f)dM 



/ea\{0} ! M f 2 dM 
It follows that, for any / e Q, 

X'(0)(f) - (r + l) / {fL r (f) + Xf 2 }dM 
< (r + l)(-A + A) [ f 2 dM = 0, 

and x is r-stable. 

Now suppose that x is r— stable, so that J7 r "(0)(/) < for all / e Q. Let / 
be an eigenfunction associated to the first eigenvalue Ai of L r . As was already 
observed, there exists a volume-preserving variation of M whose variational field is 
fN. Consequently, by (|2.6[) we get 

> X'(0)U) = (r + 1)(-Ai + A) f f 2 dM 

and therefore Ai = A, since that Ai < A. □ 

4. Applications to GRW spacetimes 

A particular class of conformally stationary spacetimes is that of generalized 
Roberts on- Walker spacetimes, or GRW ioi short (cf. [2]), namely, warped products 
M n+ = —I F n , where J C K is an interval with the metric —ds 2 , F n is an 
n-dimensional Riemannian manifold and <f> : / — > K is positive and smooth. For 
such a space, let 7Tj : S" + — > / denote the canonical projection onto /. Then the 
vector field 

V =^ 07T ^§- S 
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is a conformal, timelike and closed, with conformal factor tp = <f>', where the prime 
denotes differentiation with respect to s. Moreover (cf. [12]), for so G /, the (space- 
like) leaf M™ = {s } x F n is totally umbilical, with umbilicity factor with 
respect to the future-pointing unit normal vector field N. 

If M = —I F n is a GRW and x : M n — > M is a complete spacelike 

n+1 I 

hypersurface of M , such that <f> o 717 is limited on M n , then ttf| m : M n —> F n 
is necessarily a covering map (cf. [2~]). In particular, if M n is closed then F n is 
automatically closed. 

Also, recall (cf. [T3]) that a GRW as above has constant sectional curvature c 
if and only if F has constant sectional curvature k and the warping function <j> 
satisfies the ODE 

^_ _ wf + k 
4, 4> 2 ' 

In this setting, from Theorem 13.41 we obtain the following 

Corollary 4.1. Let x : M" — > —I F n be a closed spacelike hypersurface with 
constant (r + l)-th mean curvature -HV+i > 0. Suppose also that —I x^ F n is of 
constant curvature c, has a Killing vector field and ip' does not vanish on M n . If 

A = c(n - r) Q H r ~nH^ J H r+1 -<r + 2)^ ^ H r+2 

is constant, then x is r -stable if and only if X is the first eigenvalue of L r on M n . 

A particular example of GRW spacetime is de Sitter space. More precisely, let 
denote the (n + 2)-dimensional Lorentz-Minkowski space (n > 2), that is, the 
real vector space ]R n+2 , endowed with the Lorentz metric 

n+1 

(v,w) = y^VjWj - V n+2 W n+2 , 
i=l 

for all v, w € M. n+2 . We define the (n + l)-dimensional de Sitter space S™ +1 as the 
following hyperquadric of L' i+2 

S^+ 1 = {pe-L n+2 :(p )P ) = l}. 

From the above definition it is easy to show that the metric induced from ( , ) turns 
S™ + into a Lorentz manifold with constant sectional curvature 1. 

Choose a unit timelike vector a E L n+2 , then V(p) = a — (p, a)p, p G §™ +1 is a 
conformal and closed timelike vector field. It foliates the de Sitter space by means 
of umbilical round spheres M T = {p G S™ +1 : (p, a) = t}, t G R. The level set 
given by {p G §™ +1 : (p, a) = 0} defines a round sphere of radius one which is a 
totally geodesic hypersurface in §™ +1 . We will refer to that sphere as the equator of 
§™ +1 determined by a. This equator divides the de Sitter space into two connected 
components, the chronological future which is given by 

{ P E^ +1 :(a,p)<0}, 

and the chronological past, given by 

{ P G§i 1+1 : (a,p)>0}. 

In the context of warped products, the de Sitter space can be thought of as the 
following GRW 

S" +1 = — R x cos h s S n , 
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where S" means Riemannian unit sphere. We observe that there is a lot of possible 
choices for the unit timelike vector a G L™ +2 and, hence, a lot of ways to describe 
§™ +1 as such a GRW (cf. [T2], Section 4). We notice that in this model, the equator 
of §™ +1 is the slice {0} x 8™ and, consequently, 0'(s) = sinhs vanishes only on this 
slice. Finally, the vector field 

V = ^(4 = (sinh4 

is conformal, timelike and closed in §" +1 . 

In order to rewrite Theorem 13.41 for the case of closed spacelike hypersurfaces 
immersed in dc Sitter space, we recall some facts. 

(a) Killing vector fields in de Sitter space §™ +1 can be constructed by fixing 
two vectors u and v in the Lorentz-Minkowski space L™ +2 and a non-zero 
constant k € M, and considering the vector field W = k{(u, -)v — (v, -)u}. 
Geometrically, W(x) determines an orthogonal direction to the position 
vector x on the subspace spanned by u and v (cf. Example 1 of [TT]). 

(b) Let x : M n — > S™ +1 be a closed spacelike hypersurface with positive con- 
stant (r + 1)— th mean curvature. Assuming that M" is contained in the 
chronological future (or past) of the equator of S™ +1 then Divjj V does not 
vanish on M n . Also, there exists an elliptic point in M n (cf. Theorem 7 of 
PQ) and, if H r+ i > on M for some 2 < r < n — 1, then, for all 1 < j < r, 
the operator Lj is elliptic (cf. Lemma 3.3 of [3 ). In the case of L\, it is 
sufficient to require that R < c (cf. Lemma 3.2 of [3]). 

We can now state the following corollary of Theorem 13.41 

Corollary 4.2. Let x : M n — > §™ +1 be a closed spacelike hypersurface, contained 
in the chronological future (or past) of an equator o/§™ +1 , with positive constant 
(r + l)-th mean curvature such that 

A = (n - r) Q H r nH x ( p " ^ H r+1 ~(r + 2)^ ^ H r+2 

is constant. Then x is r -stable if and only if X is the first eigenvalue of L r on M n . 

Remark 4.3. We remark that the round spheres of S™ +1 are r-stable (cf. |5J, Propo- 
sition 2). 
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